The analytic continuation of the Mellin transforms to complex values of N for the basic functions g i (x) of the momentum fraction x emerging in the quantities of massless QED and QCD up to two-loop order, as the unpolarized and polarized splitting functions, coefficient functions, and hard scattering cross sections for space-and time-like momentum transfer are evaluated. These Mellin transforms provide the analytic continuations of all finite harmonic sums up to the level of the threefold sums of transcendentality four, where the basis-set g i (x) consists of products of Nielsen-integrals up to transcendentality four. The computer code ANCONT is provided.
Introduction
Hard processes in massless gauge field theories as QED and QCD exhibit Mellin-structures. The observables σ can be written as Mellin convolutions
Here, the functions A i (x i ) denote hard cross sections and splitting functions, respectively. In practice even multiple Mellin convolutions occur in the calculations of higher order Feynman diagrams. Integrals of this type can be diagonalized by the Mellin transform
and σ(x) can be found by a single inverse Mellin transform after evaluating the functions M [A i (x i )] (N), which are simpler in general. For N ǫ N + the Mellin transforms of the functions A i (x) can be represented in terms of linear combinations of finite harmonic sums [1] [2] [3] and their polynomials. [sign(k 1 )] 
Up to the level of two-loop order only harmonic sums up to rank 4 contribute. The set of functions A i (x) is formed by polynomials of Nielsen integrals [4] S n,p (x) = (−1)
As was shown in Ref. [2] the representation of the Mellin transforms in terms of finite harmonic sums may be reduced significantly by applying algebraic relations, cf. also [5] , between these sums which are implied by index permutation and decomposition. Up to the level of two-loop order only 25 basic functions remain out of which the coefficient functions and splitting functions can be assembled as Mellin polynomials. Any of the multiple Mellin convolutions discussed above can thus be traced back to polynomials of the basic functions and a single numerical Mellin inversion which is performed as a complex contour integral. The Mellin transforms, which are firstly obtained at the positive integers, have to be analytically continued to the complex N-plane. This analytic continuation is unique [6] . For single harmonic sums the continuation is well-known 
with ψ(z) the logarithmic derivative of the Euler Γ-function and
c + 1
Here γ E denotes the Euler-Mascheroni constant and ζ(k) is the Riemann ζ-function. It is the aim of the present paper to calculate the analytic continuations of the Mellin transforms of these 25 basic functions and to provide a code for numerical evaluations. The paper is organized as follows. The basic functions are introduced in section 2 and their structure is discussed. In section 3 the representation of the basic functions is given for positive integers. These representations which are given in terms of multiple harmonic sums do also provide first detailed numerical tests for the representations used for the analytic continuations later. The Mellin transforms for complex argument are given in section 4 for the functions of the type f i (x)/(1 + x) and for the functions (f k (x) − f k (1))/(x − 1) in section 5. Here we aim on high numerical accuracy. Section 6 describes the basic options of the code ANCONT. The results are summarized in section 7.
Basic Functions
Using the algebraic relations given in Ref. [2] one may show that the linear representations up to threefold harmonic sums up to transcendentality four can be expressed by the single harmonic sums S ±k (N) and the Mellin-transforms of the following 25 basic functions :
g 2 (x) = log 2 (1 + x)
x + 1 ← S 1,1,−1 (N)
Here we listed also all harmonic sums of rank 4 which contribute to the respective Mellin transforms. The functions g i (x) belong to the class of Nielsen-integrals [4] S n,p (x), Eq. (4). The degree of transcendentality of these functions is defined to be τ = p + n. The transcendentality of the product of two of these these functions is the sum of their transcendentalities. The measures dx/(x ± 1) are defined to be of transcendentality 1. The polylogarithms are given by
The logarithms log(1 ± x) are related to the dilogarithm by [7] 
and
Similarly,
holds. As a generalization of the Nielsen-integrals (4) one may wish to consider
Both the classes of functions (4) and (18) are non-minimal and large subsets of them can be represented already by the polylogarithms Li l (y), where y denotes a function of x. Relations between the different Nielsen-integrals and their generalizations are, however, more easily established using non-minimal representations, since the argument structure turns out to be simple in the latter case. Following this line we have introduced in the above set of functions
instead referring to S 1,2 (x 2 ). The Mellin transforms of the functions (12) are related to a series of finite harmonic sums through which all harmonic sums up to level three and transcendentality four may be expressed in terms of polynomials, except of the well-known case of single harmonic sums and polynomials which are made of only single harmonic sums. To establish the connection more closely we mentioned above those sums in which the respective Mellin transforms occur in explicit form, see also Ref. [2] .
The above relations can be checked by numerical integration directly. In the code ANCONT we use the routines DAIND, Ref. [8] , and verified these relations numerically for the integer moments N ǫ [1, 20] at an accuracy of better than at least 4 · 10 −9 , and in many cases even of O(10 −12 ).
Mellin Transforms for the Functions f(x)/(x + 1)
For functions of the type
[9], one may expand f i (x) into a Taylor series around x = 0,
The Mellin-transform is then given by
Since the Mellin-transforms of the type M[log m (x)f (x)](N) can be calculated using the relation
one obtains
The function β (m) (z) obeys the recursion relation
For the polylogarithms Li l (±x) one obtains
as an example. Although these representations are quite general and may be applied to other Nielsen-integrals as well, the corresponding series may not converge fast enough. Alternatively, the analytic continuation of the Mellin transforms containing the factor (x + 1) −1 can be performed using the transformation
with an accuracy better than 3 × 10 −8 . The polynomial is determined using the approximation given by the MINIMAX-method [10] with an adaptive choice of arguments x. The coefficients a
Similar representations are found in the literature cf. [11] [12] [13] and have been used in Ref. [1] before. Up to two-loop order also the representations of log k (1 + x) are needed with k = 2, 3,
The coefficients are
Eqs. (54,55) hold at an accuracy better than 2 × 10 −8 for x ǫ [0, 1]. The Mellin-transforms of the functions log(1 + x)/(1 + x) and log 2 (1 + x)/(1 + x) are obtained by
with L 1 (2) = 11 and L 1 (3) = 13. Similarly the Mellin-transform of the function g 17 (x) is obtained by
The remaining Mellin-transforms are obtained from the representation Eq. (52) and are expressed in terms of the known Mellin-transforms for the functions f (x) and f ′ (x), cf. [2] :
etc. The single harmonic sums S ±k (N) are given in Eqs. (5,6). One obtains the representations :
The function S 1,2 (x 2 ) does not occur singly but rather in the combination S 1,2 (x 2 )/2−S 1,2 (x)− S 1,2 (−x) in the Mellin-transforms which are related to the harmonic sums up to the level being investigated in the present paper. It emerges via the integral
We firstly calculate the Mellin-transform for this integral. The Mellin-transform for S 1,2 (x 2 ) is then easily obtained by a linear combination using the relations given above. 
Since the harmonic sum S −2,1 (N) contributes already to the next-to-leading order anomalous dimensions, approximations for M [Li 2 (x)/(1 + x)] (N) have been used in the literature for some time [14, 1] . Two approximations used before are
cf. [14] , which can be compared to our representation Eq. (60). In Table 1 A Mellin-transform of a function carrying the factor log(1 − x)/(1 + x) can be performed if the remainder factor obeys a polynomial representation, since the former factor may be transformed into the Mellin-transform of log(1 + x)/(1 + x), cf. Ref. [2] . Eqs. (44,45), by
(71) Using Eq. (56) one obtains
The Mellin-transform of the function log(1 − x)Li 2 (x)/(1 + x) can be calculated similarly to the case which was discussed before. Li 2 (x) may be represented by
where P
0,1,2 (x) are the polynomials
with c (1) 0 . The latter expression is related to the harmonic sum S −1,1,1 (N), [2] , Eq. (60). This sum can be expressed by the sum S 1,1,−1 (N) and lower order harmonic sums through
The harmonic sum S 1,1,−1 (N) is related to M log 2 (1 + x)/(1 + x) (N), which can be calculated using the representation (55) and lower order Mellin transforms. A simpler representation of M log
referring to (53). Similarly
holds. The above relations yield
Finally, the Mellin-transform of log(1 + x)Li 2 (−x)/(1 + x) is given by
5 Mellin Transforms for the Functions f(x)/(x − 1)
For this class of Mellin-transforms the role of log(1 + x) in the previous section is taken by log(1 − x), provided the functions f (x) in the numerator do vanish at a sufficient degree as x → 1. Unlike log(1 + x), the function log(1 − x) has no simple polynomial representation in the range x ǫ [0, 1[ at a comparable accuracy to Eq. (53). One may be tempted to express the numerator functions in a series of log(1 − x) instead. This is indeed possible for a wide class of Nielsen integrals as S 1,p (x) in a simple manner, cf. also [17, 18] ,
with
Here n m denote the Stirling-numbers of the first kind [16] . The Mellin-transform is given 
with c 1 = γ E and c l = ζ(l) for l > 1. In this way one obtains the analytic continuations. With growing values of k the explicit expressions become rather lengthly. For numerical computations one may use the recursion relation, Eq. (164), in Ref. [2] ,
for complex values of N. Alternatively to these exact expressions one might also use the Taylor series Eq. (83) for which the Mellin-transform is easily calculated. The Stirling-numbers of the first kind can be represented using a recursion relation, cf. Eqs. (166,167) in Ref. [2] . The Mellin transform of S 1,p (x) is thus given by
On the other hand the representation
is obtained by partial integration. This relation is more compact than the former. Eqs. (87,88) imply an interesting relation between the multiple finite harmonic sums of a single index and the Bernoulli numbers and the ζ-function.
Since not all Nielsen integrals which we are considering in the present paper can be expressed easily as a series in log(1 − x) and the corresponding series are found to converge not fast enough in a series of cases we are going to apply a somewhat modified representation. To guarantee a fast convergence also in the range of large values of x < ∼ 1 we subtract from some of the numerator functions a polynomial in log(1−x) and x of low degree. The remainder function is expanded into a polynomial by the MINIMAX-method. In both cases the Mellin transforms can be calculated analytically afterwards. In some cases further partial integrations have to be performed. Let us now discuss the individual cases in detail.
Some of the Mellin-transforms are of the type
where k = 1, 2. The first factor in Eq. (89) can be represented by a polynomial. Here the denominator is divided out of a polynomial representation of the numerator. The corresponding approximations are found applying the MINIMAX-method,
with L(1) = 8 and L(2) = 9. The expansion coefficients are given by The related Mellin-transforms have the representation
In the case of the remaining Mellin-transforms of the type
firstly the integral
is evaluated leading to
We now seek for an appropriate representation of the functions F (x). The respective functions are :
Here one may use the representation
We derive approximations for Li 3 (x), S 1,2 (x), Li 2 2 (x) and I 1 (x) to be able to perform the Mellintransform using these semi-analytic expressions. Here it is of particular importance to account for the log k (1 − x) behavior as x → 1. One obtains
where P (k) 0,1,2 (x) are the polynomials
with In the case of the function I 1 (x), Eq. (13), the function log(1 + x) in the integrand can be approximated by Eq. (53). The integral can then be evaluated analytically and takes the form
The coefficients c 
Here,
The Mellin transforms of the functions g 18 (x) − g 22 (x) are then given represented by
A set of other integrals we are going to re-write in terms of integrals of the type x 0 dzf 2 (z)/(1 + z), the Mellin-transforms of which are then evaluated using Eq. (52). The following integral relations are obtained :
Here one may represent Li 3 (−x) and S 1,2 (−x) by
The Mellin transforms pf g 22 (x) − g 25 (x) are represented by
We finally would like to add a remark on a recent analysis of the two-loop coefficient functions of deep inelastic scattering [20] . The representation given there also contains the harmonic sum S −1,1,1,1 (N) which was not needed to express the individual Mellin transforms in Refs. [21] , cf. Ref. [2] , which may be caused due to the algebraic relations being applied in [2] . This sum has the representation
The Mellin transform of the function log 3 (1−x)/(1+x) for complex argument is easily obtained,
The above relations allow to express the Mellin transforms of all functions emerging in the coefficient functions and anomalous dimensions of massless gauge theories up to two-loop order and to evaluate their analytic continuation from integer to complex arguments.
6 The Code ANCONT
General Structure
The code ANCONT calculates the Mellin transforms of the basic functions g i (x) both for integer and complex values of the Mellin index N. The parameters of the code are initialized in SUBROUTINE ACINI.
The calculations are performed in SUBROUTINE ACRUN.
The code ends with SUBROUTINE ACEND.
USER routines
The user may access parts of the code via the user routines UINIT, URUN and UOUT. These routines are called in ACINI, ACRUN and ACEND, respectively. SUBROUTINE UINIT may be used to actualize the running parameters. Via URUN the user may built her/his own Mellin convolutions or other functions of the basic functions and their Mellin transforms for positive integer or complex Mellin index using the functions ACGi, FCTi or XCGi, which are described below, as a library. SUBROUTINE UOUT may be used as an output-interface at the end of the code. To transfer data between different user routines the user may define COMMON-blocks named COMMON/USxxxx/ ...
Initialization
The main parameters and constants of the code are defined in SUBROUTINE ACINI. This routine calls the subroutines INVINI, DEFAUL and the user routine UINIT. SUBROUTINE INVINI sets parameters and constants related to the Mellin inversion. The default running parameters of the code are set in SUBROUTINE DEFAUL. These are :
The running parameters are printed by SUBROUTINE WROUT. The parameters ITESTi initialize tests of the code, which are inactive for ITESTi.NE. 
Running
The code provides three main lines, which are initialized setting the parameters ITEST1, ITEST2, ITEST3 = 1, respectively. For ITEST1= 1 the representations of the integer moments of the basic functions g i (x) in terms of harmonic sums are tested comparing them with the corresponding numerical integrals. The value of the Mellin moment is calculated. The relative accuracy comparing both calculations RAT = VAL1/VAL2 -1 and the value of the moment are provided. The following test-output is obtained for k = 9, g 9 (x) = S 1,2 (−x)/(1 + x), n 1 = 2, n 2 = 20, val = 1.0D-9. Here N denotes the Mellin index, RATk the relative accuracy comparing the numerical integration and the representation by harmonic sums, and VAL the value of the Mellin moment.
**************************************************************** N,RAT9,VAL= 2 -1. -3.899103262483550E-13 3.556850973662370E-03 N,RAT9,VAL= 20 -1.719735465144367E-13 3.396229940556720E-03 **************************************************************** For ITEST2= 1 the representations of the Mellin transforms of the basic functions g i (x) valid for complex arguments are compared to the representation in terms of harmonic sums at positive integer argument. The value of the Mellin moment is calculated. The relative accuracy comparing both calculations RAT = VAL1/VAL2 -1 and the value of the moment are provided. The relative accuracy of these representations are given in Table 2 for N = 2 to 20. For ITEST3= 1 the Mellin inversion for the basic functions g i (x) based on the representations of the Mellin transforms for complex argument are compared to the numerical expressions for the functions g i (x) in the range x ǫ [10 −7 , 0.99]. The value of g i as a function of x is calculated. The relative accuracy comparing both calculations RAT = VAL1/VAL2 -1 is given. The inverse Mellin transform to x-space is performed by a contour integral numerically. The singularities of the Mellin transforms for N ǫ C are situated at the non-positive integers for the coefficient and splitting functions in massless fixed-order perturbation theory.
2 The non-perturbative input densities are usually expressed in terms of polynomials of the type
the Mellin transform of which is a sum of Euler Beta-functions. Their singularities are as well situated on the real axis left of an upper bound. The inverse Mellin transform is given by
where c(z) = c 0 +ze iΦ , cf. also [14] . The parameter integral over z can be performed by standard algorithms. The code segments the integration path logarithmically into N=20 or N=50 pieces on each of which the integral is calculated by the 8-point or 32-point Gauss formula. The starting point C is varied according to the rightmost singularity of the function to be inverted and is chosen close to it on the right. The angle of the linear path w.r.t. the real axis is chosen by Φ = (3/4)π for x < 0.8, Φ = (7/8)π for x > 0.8. and Φ = (19/20)π for x > 0.98.
As an example the relative accuracy of the representation for the function g 16 = [log(1 + x) − log(2)] /(x − 1)Li 2 (−x) between x = 10 −7 and x = 0.99 is ****************************************************** X,RAT16,VAL= . .14400D-07 -.12183D+00 X,RAT16,VAL= .25000D+00
.20299D-07 -.14783D+00 X,RAT16,VAL= .30000D+00
.50955D-08 -.17236D+00 X,RAT16,VAL= .35000D+00
-.15289D-07 -.19554D+00 X,RAT16,VAL= .40000D+00
-.23563D-07 -.21747D+00 X,RAT16,VAL= .45000D+00
-.13795D-07 -.23827D+00 X,RAT16,VAL= .50000D+00
.61787D-08 -.25800D+00 X,RAT16,VAL= .55000D+00
.21289D-07 -.27676D+00 X,RAT16,VAL= .60000D+00
.19772D-07 -.29461D+00 X,RAT16,VAL= .65000D+00
.16678D-08 -.31161D+00 X,RAT16,VAL= .70000D+00
-.19671D-07 -.32783D+00 X,RAT16,VAL= .75000D+00
.22255D-05 -.34332D+00 X,RAT16,VAL= .80000D+00
.22936D-05 -.35811D+00 X,RAT16,VAL= .85000D+00
.30694D-05 -.37226D+00 X,RAT16,VAL= .90000D+00
.38631D-05 -.38581D+00 X,RAT16,VAL= .95000D+00
-.25871D-02 -.39879D+00 X,RAT16,VAL= .99000D+00
-.20484D-01 -.40879D+00 ****************************************************** Similar accuracies are obtained also in the other cases. We would like to mention that for i = 3 and IAPP=2,3, respectively the accuracy is lower by three orders of magnitude up to x ∼ 0.6 relative to the results for IAPP=1 and remains less above. 
Subsidiary Routines
A series of subsidiary routines representing mathematical functions and procedures are contained in the code. The function DAIND yields the integral over the function FUN(x) from A to B. The integrand has to be declared as EXTERNAL in the calling routine. The corresponding algorithm was published in Ref. [8] . We recommend to use the integrator setting KEY = 2. Here EPS denotes the demanded relative accuracy of the integral and MAX ≤ 10000 the number of points at which FUN(x) is calculated by this adaptive integration. The output parameters KOU and EST refer to the number of points being used and the estimated accuracy reached.
Summary
We have calculated semi-analytic representations for the analytic continuations of the Mellin transforms of the set of basic functions through which the Wilson coefficients and splitting functions which occur in hard scattering processes in massless field theories as QED and QCD can be expressed up to two-loop order. Here we aimed on high-precision representations which were performed using widely the algebraic and analytic relations of the Nielsen integrals and related functions being considered as well as their Mellin transforms limiting the necessary approximative representations to as few cases as possible. The expressions obtained are compared both to the Mellin moments at positive integer Mellin index with the values obtained by numerical integration and the representations in terms of harmonic sums. The Mellin inversion to x space provides a further test on the numerical accuracy of the expressions derived for the analytic continuations of the Mellin transforms for complex values. The FORTRAN-code ANCONT is provided. With the help of these representations the Mellin transforms for all two-loop quantities for the different space-and time-like hard scattering processes in the massless limit can be assembled.
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